MATH 151 Exam 6 Notes Spring

ex 1 For what values of x does the following series converge?

1 Power Series

A Power Series is a series of the following form:

(0. 9]

g e, = o+ crr+ cox® + ezt + ..
n=0

where the ¢,’s are the coeflicients of the series and x is the variable

e for cach fixed z we can test the series for Cor D e

The sum of the series is a function

f(x) = co+ 1o + cor® +

whose domain is the set of all x for which the series converges. Here f
is a polynomial with infinitely many terms.

More generally, a series of the form

(0.¢}
Z co(m—a)" = co+eilr—a)+te(r—a)+c(r—a)P+...

n=0

is a Power Series centered at a

We can check for which values of x the series converges by using the



Ratio or Root Test

. nt1 . (z = 3" n
lim = lim —
n—00 ap, n—00 n+1 (.CL’ — 3)”
1
lim |lx—=3| = |z—-3] as n —

n—00 14—%

Thus the series is AC when | —3 | < land D when |z —3| > 1
S0,

lz—-3| <1 = —-l<zr—-3<] = 2<z<i4

Recall that the ratio and root tests give no information when the limit
equals one so we MUST check the endpoints. That is what happens
when |z —3 ] = 1



Consider x = 2 and x = 4 separately:

(0.¢}
1 . : :
whenx =4 — g — =—>  theseries is a divergent harmonic
n

n=1

0
1)
when r = 2 — g =D — the series converges
n
1

n=
by the alternate series test

Therefore the power series converges for 2 < z < 4

Theorem

For the given power series Z cn(x —a)" only ONE of the following is

n=0
true:

1. the series converges only when x = a
2. the series converges for all x

3. there exists a positive number R such that if | © —a | < R the
series converges and if | x — a | > R the series diverges

R is called the radius of convergence



So in case (1) R =0 and in case (2) R = o0

the interval of convergence, I, is the interval containing all the
values of x for which the series converges

from the previous example, ex 1, [ = [2,4) and R =1

ex 2 Find I and R for

= (=) (z+ 1)
Z( )én+)

n=0



An+1 r+1

Ap

lim

n—oo

= ... = lim <1l < J|z+l|<2 = R=2

n—oo

The interval is (—3, 1) but we still need to check the endpoints

when r = -3 — Z 1 = the series diverges

whenz =1 — Z (—=1)" = the series diverges

Thus [ = (—3,1)



Worksheet for Section 1

1. Find the radius of convergence and interval of convergence of the

series.
o0 (_1)7133.71
(a) ; n—+1




Homework for Section 1

1. Solve the following;:

(a) / arctan 4t dt
(b) / t sin 3t dt
0

/2
(c) / sin® x cos® xdx
0

2. Find the radius of convergence, R, and the interval of convergence,
I, for the following:




2 Representing Functions as a Power Series

We will learn how to represent a function as a power series by manip-
ulating a geometric series

So, recall that

ce

Zx”:1+az+x2+az3+ =7 when |z | < 1
—x

n=0

ex 3 Lxpress

1+ 22
as a power series

1 (0. @] o0
1 +22 1 (—29 =D (=) = ) (e

n=0 n=0

This geometric series converges <= | —2°| <1 <= 2*<
1 < J|z|<1
— I=(-11)

ex 4 Express

as a power series

I 1 R A AN G D L
2+x2(1+g)2(1—(—£))§z(_§) _ZW




This converges

<~ x‘<1
>

— |x|<?2
— 1=(-2,2)

Representations like this allow for term by term differentiation
and integration

Theorem

If the power series Z cn(r — a)" has a radius of convergence R > (

then f(x) = Z Cn(x —a)"

is differentiable, and therefore continuous, on (a — R, a + R) and

L. fl(x) = chn(aj—a)"_1

Where R is the radius of convergence for both (1) and (2) but I may
change (you need to check)

ex 5 Find a power series representation for In (1 — z) and the radius
of convergence

Note that




So

In (1—x) / L g /(1+ o'+ ... d +$2+x3+ +C
—In (1—2) = r = r+r+ ... dr = s+—+—+ ...
l—x 2 3
00 ! o0 Tl
nz:%n+1+0 therefore —In (1 —z) = ;n+1+0
—> In Z a:_ C' when | x| <1 (notethe change in bounds)
n

TofindC'let z =0andget —in1 = C = C=0 thus R=1

ex 6 Evaluate

1
/ dx
1+ 27

Now we can do this by representing the integrand as a power series
and integrating term by term. This will only be an approximation of
course.



Worksheet for Section 2

1. Find a power series representation for the function and determine
the interval of convergence.

(a)

flo) =
) )
fz) = dr + 1

2. Find a power series representation for f(x) = In(3 + x)



Homework for Section 2

1. Solve the following;:

/3
(a) / tan’® x sec* rdx
0

(b) / tan39d9

cos* 6

(c) /01 Va2 + ddx

x? — 5x + 16
() / 2z + 1)(x — 2)? da

2. Find a power series representation for the following:

(2)

flw) = 1 Jlrx
) )
flw) = 9+ 22

3. Find a power series representation for f(x) = In(b — x) and R.

t
4. Evaluate / T8 dt as a power series and find R.

dx to six decimal

0.2
5. Use a power series to approximate /
0 1 + .735

places



3 Taylor and Maclaurin Series

Recall that a power series can be expressed as

f(z) = co+ci(z —a)+cr—a)+c3(x—a)+ ...

Let’s find the coefficients in terms of the function f

fla) = ¢y since all the other factors are ()
fl(x) = c1+2c(x —a) +3c3(x —a)*+ ... = flla) = ¢
f(x) = 2c04+3-2c3(x—a)+3-4es(x—a)*+ ... = f"(a) = 2c

f"(x) = 2:3¢3+2-3-4cy(x—a)+3-4-5c5(x—a)*+ ... = f"(a) = 2-3c3 = 3lc3

In general:
(n)
fPa) = nle, = ¢, = ()
n!
So, if f has a power series expansion at a,
_ v M) n _ f'(a) f"(a) 2
flx) = ; - (x—a)" = fla)+ T (x—a)+ ) (x—a)™+ ...

This is called the Taylor Series of f at a or centered at a

When a = 0, this is called a Maclaurin Series



ex 7 Find the Maclaurin Series for the function f(z) = e* and the

radius of convergence R

flr)=¢" = fWa)=e" Vo = [fM0)=e"=1VYn

o0 f(n)(o) - o o .CIS'2 333
Thus E_O Tx = E_Oﬁ—1+ﬁ+§+§+
R = lim ol — i 2] =0 < 1always =— R=0
n—00 Qp, n—oo N + 1

Note that:

A function is equal to its Taylor Series if

flz) = lim T,(z)

n—oo

where T,(x) is the n'" degree Taylor polynomial of f at a

[/

"), |
1) = 3 a0

So flz) = T,(x) and Ti(z) = fla)+ f(a)(x - a)

is the same as the linearization of f



Let f(x) = e" and let’s look at Ti(x), To(x) and Ts(x):

Note that the more terms you use the better the approximation. Why
do you think that is?



Also

ex 8 Find T3(x) for f(x) =e”

So
3 fz _ 1‘2 xS
Z i (x —a) = +x+§+§
1=0
, 2 2’
that is €' = 1+x+—+§

This polynomial approximates f(x) = e* extremely well. Why? Think
derivatives.

ex 9 Find the Maclaurin Series for f(z) = cos x

f(x) = cos x f(0) =
f(z) = —sinx f(0) =0
f"(x) = —cos x (0) = —1
f///(.CL’) — sin f///(o) _ 0
fY(z) = cos x Y0 =1
S0
cosx = f(0)+ f’(O)x + f10) + fm(O)x3 + ...

1 o ¢ 3l
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You will need to know the following Maclaurin Series:

xr T
+‘Uﬁy+
2n+1 3 D 7
i X T
—1)" S
S A T R R
( 1)n x2n B x2+:1:4 $6+
- (2n)! 20 41 6
i p2ntl B x_$_3+x_5_x_7+
— 3 5 7

ex 10 Evaluate the following integral to within .001

So

e

n=0

1
2
/exdaj
0

R=1
R =00
R =00
R =00
R=1

—



1
1’3 1’5 ZL’7 ZL’Q

B TR TS TR O TR TR

I 1 1 1
= 1l——-—4+———4+—— ... &= .7475
3+1O 42+216

Note that we stopped at 1/216 since the next term was 1/1320 < .001



Worksheet for Section 3

1. Find the Taylor series for f(x) =Inx at a = 2.

SiM T . : :
2. Evaluate / dr as an infinite series.
x



Homework for Section 3

L.

Find the Taylor Polynomial, T,,(x), for the following functions at
the given value a.

(a) flz) =1, a=2
(b) f(r)=cosx, a=m/2

. Approximate f(x) = 4/x by a Taylor polynomial of degree 2 at

a = 4.

Find the Maclaurin series as well as R for the following:
() flz)=(1—2)7°

(b) flz) =e>

Find the Taylor series representation for f(z) = e* centered at
a = 3.

. Evaluate / x cos(x”) dr as an infinite series.
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