MATH 150 Exam 1 Notes Fall

1 Functions

A function is a rule that assigns to each element, x, in a set A exactly
one element, called f(x), in a set B.

sometimes it is useful to think of a function as a machine, x goes into
the machine and f(x) comes out.

r — |function] —  f(x)

The set A is called the domain. it corresponds to the x-axis.
The set B is called the codomain.

The range of f(x) is the set of all possible values of f(z) as x varies
through the domain.

Another way to think about it is that the domain is all of the pos-
sible inputs while the range is all of the possible outputs.

ex 1 Find the domain and range of the following function
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ex 2 sketch, find the domain and range of:
1.y=5r—1

2.y = a°



domain=? range=" domain=? range="
g g

When finding domains, what possible problems might we have?

1. division by zero

2. negative numbers under the radical

ex 3 Find the domain of f(z) = v + 2

r+2>20 <— x> -2

ex 4 Find the domain of:
1

— X

flz) =

X



r —rx=0 <= zr-1)=0 <= zx#£0 <= x#1

A curve in the zy plane is the graph of a function of x if and only
if no vertical line intersects the graph more than once. Why? (think
about the definition)

ex 5 Are the following graphs functions?

200 -
]
-200
-400
600
-800
-1000
-1200
-1400 |

-1600 -

-1800
-10

1.1 Piecewise Functions

functions that are defined in parts or pieces, that is, they have different
formulas for different parts of their domains.

ex 6

f(:c)—{12_x of <1

x of 1<x

Evaluate

f(0), f(1), f(2), and sketch f(x)



Recall that:

ex 7 sketch y=|z |

y=1x]
3 .

261

If f(z) = f(—x) for every z in the domain, we say that f(x) is an
even function

If f(—z) = —f(x) for every x in the domain, we say that f(x) is an
odd function



ex 8 Are the following functions even, odd or neither?

L f(z) = 2"+ fl=z) = (=2) + (-2) = —(2" + 2) =
f(x) —>  odd
2 glz) = 1— o g—z) = 1= (—a)' = 1ot =
glx) = even
3. h(zx)= try this one on your own

The graph of an even function is symmetric about the y-axis. Why?

The graph of an odd function is symmetric about the origin. Why?

A function is increasing on an interval [ if f(zy) < f(x3) whenever
r1 < x9in [

A function is decreasing on an interval I if f(x1) > f(x2) whenever
r1 < x9in [

ex 9 Where is f increasing? decreasing?
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Worksheet for Section 1

1. Find the domain of:
Ft) = 2= c
92—t

2. Find the domain of: g(x) = vx — 3

3. Let f(z) = 3 — 2. Determine whether f is even, odd, or neither.



Homework for Section 1

L.

Let 9(33) = 31'2 — br + 2. Find g(_1)> 9(0)7 g(a)7 g(a2)7 [g(a)]2
and g(a + h)

. The following temperature readings 1", were recorded every 2 hours

from midnight to 2 PM. The time ¢ was measured in hours from
midnight.

t10]24]6|8/|10]12]14
T{73]73/70]69]72|81 88|91

(a) Sketch a rough graph of T as a function of ¢
(b) Estimate the temperature at 11 AM

2>+ 1 if <0

 Let f(z) = { Vi if 250 Find f(—2), f(0) and f(1)

Find the domain of the following functions:

b) flz) =55

(¢) flz)=va2+1

(d) flz)=vE—u

() flo) =V +V5—ux

Determine whether the following functions are even, odd or neither.
(a) f(z) =2’ —x

(b) f(z) =3z +22% + 1

If a rectangular box is to have a square base and a volume of 20,

find a function ONLY in z that determines the surface area of the
box if we let  denote the length of one side of the square base.



2 Essential Functions

2.1 Linear Functions

these are the graphs of lines

the main feature of a linear function is that it grows at a ........ constant
rate

this constant rate also goes by what name? the slope

2.2 Polynomial Functions

A function is polynomial if it is of the following general form:

2

P(x) = apa” + ap_ 12" ' 4 ap_ox" * + .. 4 apx® + arz + ag

where n is a non-negative integer

ag, ai, . .. are constants called coefficients with a,, # 0 being called the
leading coefficient

and the degree of the polynomial is n

a polynomial of degree 1 is called a ... linear function
a polynomial of degree 2 is called a ... quadratic function
a polynomial of degree 3 is called a ... cubic function, etc...

polynomials are useful at modeling various things because they are so
easy to work with

2.3 Power Functions

these are functions that have the general form:



y = flz)=z"

with a being a constant

There are basically three types or three shapes...



2.3.1 Type 1: a =n where n ¢ Z*

If nis odd then the graph resembles x
g T . .




2.3.2 Type 2: a=1 where n ¢ Z"

this is also called the root function, f(z) = #%/" = ¥z

3

if nis even then the graph resembles s




2.3.3 Type 3: a=—1, also called the reciprocal function, f(z) = %

this function represents an inverse proportion and the first quadrant is
used to model things like Boyle’s Law,

2.4 Rational Functions

these are ratios of two polynomials

R = 2w

where P(x) and Q(x) are polynomials

the domain of rational functions is all x such that Q(x) # 0

ex 10 What is the domain of f7
20t —a® + 1




Weneed 22 —9 # 0 = a # £3

2.5 Algebraic Functions

these functions are constructed using the algebraic operations. That is,
start with polynomials and use addition, subtraction, multiplication,
division and roots. Any rational function is automatically an algebraic
function.

ex 11
xt — 1622

g(z) = - +(r —2)Vr + 1

2.6 Trig Functions

you have had an entire course on these, sin, cos, tan, csc, sec, cot

these are excellent at modeling repetitive motions, waves, sound, etc...



2.7 Exponential Functions

these have the general form

y=[flz)=ad"
where the base a is a positive constant

the domain would then be? ... (—o0, 00)
the range would then be? ... (0, 00)

the shape depends on a

these model population growth and radioactive decay very well and
we will talk more about this in a later section.

2.8 Logarithmic Functions

these have the general form:

f(z) =log, x



where a is a positive constant

what is the relationship between exponential and log functions?
how about the domain? range?

these model things like earthquake magnitude and we will talk more
about them later

2.9 Transcendental Functions
these functions are functions that are not algebraic

in fact, all functions are either algebraic or transcendental

what are some examples? ... trig, log, exponential and many others
we will discuss later



Worksheet for Section 2

There is no worksheet for this section



Homework for Section 2

1. Classify each function as power, root, polynomial, rational, alge-
braic, trig, exponential or log:

(a) flz) = V1—a?

() flz) = 2" + 2
(c) y = &L

(d) f(x) =tan 2z
(e) f(x) =logip @
() flz) = 10°

(8) g(z) = =™
h)y=22"+2°—7

(i) f(0) =cos 8 — sin 0

2. The chirping rate of crickets is related to temperature and is nearly
linear. If a cricket produces 113 chirps at 70°F and 173 chirps at
S80°F then:

(a) Find a linear equation that models temperature as a function
of chirps per minute.

(b) What is the slope of the graph and what does it represent?

(¢) If they chirp at 150 chirps, estimate the temperature.



3 New Functions from Old Functions

First the translations:

suppose ¢ is a constant with ¢ > 0. then to obtain the graph of
y = f( ) + ¢ shift y = f(z) up ¢ units

f(x) — ¢ shift y = f(x) down ¢ units
f (x + ¢) shift y = f(x) left ¢ units
( f(@)

= f(xz — ¢) shift y = f(x) right ¢ units

Translations

4 . . . . . .

4l ¥ = fixte—3 / M |

i i

Lk i

sk ; g
}{+I:

Fo

3t KL /\/ i

-4

-158 20

To stretch and reflect:

suppose ¢ > 1, then to obtain the graph of:

y = cf(x) stretch y = f(x) vertically by a factor of ¢

Yy = % f(x) compress y = f(x) vertically by a factor of ¢

y = f(cx) compress y = f(x) horizontally by a factor of ¢
y = f(%) stretch y = f(x) horizontally by a factor of ¢

y = —f(x) reflect y = f(x) about the z-axis



y = f(—x) reflect y = f(x) about the y-axis

ex 12 given y = +/x, sketch the following;

y=va—2
y=\x—2
Yy =2x
y=v-z
Translations of flx) = 15
-"-1- T T T T T Pats
3t 112 y=2! 22 i
Y==K gt
.-""--.
.'f--.

2 o

'] |

a

sl a

y=x12 . I ————




3.1 Combinations of Functions

Let f and g be functions with domains A and B respectively. Then:

+ g)(z) = f(x) + g(x) where the domain is AN B
) f(z) — g(x) where the domain is AN B
) = f(x)g(z) where the domain is AN B
)(z) = L2 where the domain is {z € AN B | g(z) #£ 0}

ex 13 given f(x) =+/x and g(x) =16 — 22

find:
f+g
fg

i

g
AND their domains
Try these on your own

Given two functions, f and g, the composite function, f o g, is defined
as:

(fog)(z) = flg(z))
where f o g is defined whenever both g(x) and f(g(z)) are defined

you can think of this as a two-staged machine. That is, the input
x goes into g and out comes g(x) which then becomes the new input

for f(x).



r — — g(x) — —  flg())

ex 14 given f(z) = 2° and g(x) = 2* + 1, find the following;

note that fog+#go f

ex 15 given that F(x) = sin*(z — 3), find f, g and h such that
F=fogoho F = f(ghz))

Keep in mind your order of operations. To come up with the individual

functions, just think if I were an input, what happens first, second and
third?

then check...



Worksheet for Section 3

1. Explain how the following graphs are obtained from the graph of
y = [flz).

(a) y = flz —4)
(b) y = 3f(x)

(c) y=2f(x+06)
(d) y = f(z)+3

2. If f(x) = sin z and g(xr) =1 — /= then find fogand go f.
3. Express H(z) = sin'(y/7) in the form f o go h.



Homework for Section 3

1. Explain how the following graphs are obtained from y = f(z)
(a) y =5f(x)

(b) y = —f(x)
(c) y = f(5z)
(d) y = f(x —=5)
(e) y = —5f(x)
() y=5f(x) =5

2. Using the graph of y = 22, transform it to graph y = 2 — 2
3.If f(z) = 2® + 5, g(z) = Vo + 1 and m(z) = L then find the

following;:

©g

—————— and simplify

; and simplify
4. For the following functions, find f and g such that h =go f
(a) h(z) = (22° + 2% + 4)°






4 More with Exponential Functions

In general an exponential function is of the form f(x) = a® where a is
a positive constant.

Recall that the domain of a® is what? R
The range of a” is what? (0, 00)

The general shape of a” does depend on a though

Different looks of &*
1'-1- T T T I T J I
Y . Y:ax D{a"\:1 . : .

Also recall the laws of exponents

™tV = q%ay



e

ay
@) = o
(ab)® = a"b"

ex 16 Sketch y =3 — 27

Start with y = 2% reflect about the x-axis and shift up 3 units

y=3-2*

exponentials model population growth and radioactive decay very
well

ex 17 The half-life of Strontium-90 is 25 years.

1. If a sample has 24 mg find an expression for the mass, m(t), that

remains after ¢ years.

So

m(0) =24



m(25) = %(24)

m(50) — %%(24) _ %(24)

m(75) = %(24)

mi(t 24) = 24 . 27U/

) = 2t/25(
2. Find the mass after 40 years.

m(40) = 24 - 27995 ~ 7.9 mg

e Of all the possible bases, one works exceptionally well for calculus,

e o

We will see why a little later

How would we graph y = %e‘“” — 17 Start with y = e*

y=e¢" = y=e " (reflect about y axis)



1
— oy = ée_”" (compress vertically by a factor of 2)

1
— Y= 56_5‘: — 1 (shift down 1 unit)

y=1/2e71
h




Worksheet for Section 4

1. Find the exponential function f(x) = Ca” whose graph is given

by:




Homework for Section 4

L.

Graph the given functions on a common screen. How are they
related?

(a) y=2", y=¢", y=5", y=20"
) y=3° y=10", y=(1)" y=(&)

. Starting with y = e”, write the equation of the graph that results

from:

(a) shifting 2 units down
(b) shifting 3 units to the right
C

(

)
) reflect about the z-axis
(d) reflect about the z-axis and then about the y-axis

. Find the domains of:

(a) f(z) = 7=
(b) f(z) ==

Find the ezponential function f(z) = C'a® that contains the points
(1,6) and (3,24)

f f(x) = 5", show that:

flesh 1) _ g (21)



5 Inverse Functions and more with Log Functions

Definition
A function f(x) is called one-to-one (1-1) if it never takes the same
value twice. That is, if

flx1) = f(z2) = a1 = 19

A function is 1-1 = NO horizontal line intersects it more
than once. Why?

2

ex 18 [s y = z° one-to-one? Show it algebraically.

Suppose that f(z1) = f(x2) then = (21)* = (x2)*> however
that does NOT imply that 1 = x9. You only need to provide one
counterexample for that, for example 2 and -2.

3 one-to-one?

ex 19 sy==x
Yes, since two different numbers can not have the same cube. If

flx1) = f(z2) = (331)3 = (332)3 — T1 =22

Why would we be interested in functions that are 1-17

BECAUSE 1-1 FUNCTIONS POSSESS INVERSES THAT ARE
FUNCTIONS



Definition
Let f be a 1-1 function with domain A and range B. Then its inverse
function, f~!, has domain B and range A and

fllyy=2 < fl@)=y VyeB
In other words, if f maps x into y then f~! maps y back into .

What is f~1(f(z)) =7
What is f(f1(z)) =7

These are called the cancellation equations. Why?
How do you find the inverse of a 1-1 function algebraically?
1. write y = f(x)

2. exchange x and y

3. solve for the "new" y

ex 20 Find the inverse of f(z) = 2° —1

So

y:x5—1 — x:y5—1 — x+1:y5 — y:5x—|—1 —

i) =V

How do you obtain the graph of f~(z) from f(x)?



* reflect about the liney = x *

ex 21 Graph both log;g x and 10* on the same set of axes.
these are inverse functions

Recall that:

loge x =y

What are the other cancellation equations?

log.(a®) = T

qlo9at  — 7Y x



Log Laws
If x and y are positive numbers then

logo(zy) = log, x +log, y

= log, x — loga y

VN
<R

logq

log, " = r-log,r r € R

ex 22 Evaluate logy 80 — logy 5

So

80
logo 80 — logs 5 = logo 5 = logo 16 = 4

As with exponentials, there is one base in particular that we are very
interested in. Base e.

Logarithm base e is called the natural logarithm and denoted

loge. x = Inx

Its properties are the same



ex 24 Solve e"“"2 = 10 for x.

2

Ine* =nl) <— 22 =Inl0 <— z = ++In1l0

Change of Base Formula

for any positive number a, with a # 1, we have that

In x
log, x = ——
In a

Why is this true? If we let y = log, x then

Inx
@/ =2 = Ind =Ilnr = ylna =Ilnr = y =
na

ex 25 Evaluate logg 6



ex 26 Find the inverse function of y = e’

r = — Inz = y’lne = y = Vinz = ) = Vin x

Inverse Trig Functions
Why do you think there might be a problem with the inverse of sin x?

Recall that sin x is not one to one so its inverse is not a function. We
can get around this problem by restricting the domain to [—7/2, 7 /2]

So

sin'x =y or arcsinz =y <= siny = ¢ for —

N | N
IA
N
IA
DN

So

y = sin~ ! x has domain [—1, 1] and range [—7 /2, 7/2]



¥ = arcsin ¥

ex 27 Evaluate sin™'(1/2)

This says, find the angle whose sine is 1/2. This implies that § = 7/6
since 7/2 < /6 < /2

ex 28 Evaluate tan(arcsin 1/4)



)\theta

opposite
hypotenuse’
using the triangle above as well as the Pythagorean Theorem, we get

: : : __ opposite 1
that the third side is v/15. Thus tan 0 = adiaceni = UIE

arcsin(1/4) means find the angle whose sine is 1 /4. Since sin 6§ =

cos tx =y or arccosr =y <= cosy =z for 0<y<m

So

Yy = cos™ ! x has domain [—1, 1] and range [0, 7T]



Y = arccos ¥

y = tan~' x has domain R and range (—m/2, w/2)

Why can’t we include the endpoints?

y = arctan x
16

0ar

0ar

G et e SR e e e e e T o e T e e T )

10 8 B -4 2 0 2 4 B g 10




Worksheet for Section 5

1. Find a formula for the inverse of
B 1+ e”
] —em

Y

2. Solve for x: €13 — 7=

. . —1
3. Find the exact value of arcsin (E)



Homework for Section 5

1. Determine whether the following functions are one-to-one:

Wl [1[2][3[4]5]6
F(z)] 152036532820

(b) fx) =3z +5)

() g(x) =| z |
(d) f(t) is the height of a football ¢ seconds after kickoff

If f is one-to-one such that f(2) =9, what is f~1(9)
If f(z) =34z +¢", find f71(4)

Find a formula for the inverse of y = In(x + 3)

1+e
el’

Find a formula for the inverse of y =

SR A e

Express the following as a single log:

(a) Inx+alny—>blnz
(b) In(1+2?) + in x — In sin x
7. Solve each for z:

(a) 2Inz=1

(b) 243 _ 7=

(c) 25 =3

() Inx+in(z—1)=1
(e) In(ln x) =1

8. Find the exact value of each expression:

(a) sin~*(v/3/2)
(b) cos™H(—1)
(c) tan™'V/3



(d) arcsin(—1/v?2)
9. Prove that cos(sin™t x) = /1 — 22



6 Limits and the Derivative

6.1 The Tangent and Velocity Problem

Tangent basically means touching so a line tangent to a curve is a line
that just touches the curve.

ex 29 Let’s try to find an equation of the tangent line to the parabola
y = x? at the point P(1,1)

In order to make an equation of a line we need either two points or one
point and the slope of the line. Since we only have one point, P, we
will need to find the slope. The question is how does one find the slope
of a line given only one point?

Let’s choose a nearby point on the parabola, ). Now, () needs to
be on the parabola, why? What are the coordinates of ()7



L T

secant line

tangent line

We can approzimate the slope of the tangent line using the secant
line connecting P(1,1) and Q(z, z%)

Why do you think this might be a reasonable approximation? Can
we find a better one?

What is the slope of the secant line?

x?—1
r—1

mpo = with *#1 — Q#P

Let’s try to approximate the slope two ways:



1. As () approaches P from the right

X mpq

2 3
15 | 25
.1 | 21
1.01 | 2.01
1.001 | 2.001

2. As () approaches P from the left

X mpq
0 1
0 1.5
9 1 19
99 |1 1.99
999 1 1.999

It appears from the tables that the slope of the tangent line should be 2.

This concept of () getting closer and closer without actually reaching
P is called a limit and is the most fundamental concept of calculus.

We say that the slope of the tangent line is the limit of the slopes
of the secant lines and we write:

= 2

2
: ooxt—1
lim mpg = m  and lim
Q—P =1 xr — 1

Thus, the equation of the tangent lineisy—1=2(x—1) ory =2z —1

It is very important to realize that the limit above is well defined since
r— 1NOTx=1



ex 30 Suppose a ball is dropped from a tall building. Given that the
distance fallen after ¢ seconds is denoted s(t) and measured in meters,
we have that s(t) = 4.9¢>. Find the velocity of the ball after 5 seconds.

The problem here is finding the velocity at exactly 5 seconds, which
is called the instantaneous velocity

Right now we have no way of calculating instantaneous velocity, or
do we?

How about calculating average velocity?

distance traveled

average velocity = Y l ;
ime elapse

Note that instantaneous velocity is the velocity at one point and the
average velocity requires two points. Sound familiar? Let’s take a look
at the average velocity between 5 and 6 seconds.

s(6) — s(5)

average velocity = - = 53.9m/s

Do you think this is a good estimate? How can we get a better estimate
of the velocity at 5 seconds?

Observe the following:

time interval | average velocity

5 <t <ol 49.49
5 <t <5.05 49.245
5 <t <501 49.049

5 <t <5.001 49.0049




Would you like to take a guess as to what the instantaneous velocity
is when t = 57

[t is crucial that you understand the difference between average rate
of change and instantaneous rate of change.

Average rate of change is an estimate and requires TWO points.
Instantaneous rate of change is exact and requires ONE point.

We will revisit this a little later.



Worksheet for Section 6

L. If a ball is thrown into the air with a velocity of 40 ft /sec its height
in feet after ¢ seconds is given by y = 40t — 16¢2.

(a) Find the average velocity for the time period with ¢ = 2 and
lasting

1. 0.5 second

1. 0.1 second
111. 0.05 second

1v. 0.01 second

(b) Find the instantaneous velocity when ¢ = 2.



Homework for Section 6

1. The following table shows the volume V' of water after ¢ minutes:

t(min)| 5 [ 10 [ 15 [ 20 [25]30
V(gal)| 694|444 250 [ 111 28] 0

(a) If P is the point (15,250), find the slopes of the secant lines
PQ) when () is represented with ¢t = 5, 10,20,25 and 30

(b) Estimate the slope of the tangent line at P as best as you can.

2. The displacement of a particle is given by s(t) = /6, where t is
in seconds

(a) Find the average velocity over the following intervals:
i 1,3
i. [1,2]
iii. [1,1.5]
iv. [1, L1]

(b) Find the instantaneous velocity when t = 1
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