MATH 150 Exam 2 Notes Fall

1 The Limit of a Function

Definition
We write:
lim, ., f(x) = L
We say:
the limit of f(z) as x approaches a is L
We mean:

we can make the values of f(z) as close to L as we want by
choosing values of = sufficiently close to BUT NOT equal to a

In fact, f(x) doesn’t even need to be defined at a!

ex 1



For each f{x), what is the
lim x-=2 f(x) ?

ex 2 Can you guess

r—1

lim
z—1 2 — 1

Again, we can use approximations

r < 1| f(x)
) 666667
99 ].502513
9999 | .500025




x> 1| f(z)
1.5 A4
1.01 | .497512

1.0001 |.499975

Looks like the limit is .5

What if I changed the function slightly?

x—1
_ = forx # 1
9(z) { 10, forax =1

What is
lim g(z)
z—1
ex 3 Let
1, if x>0
H(x)—{(), iof v <0
Find



|| . .............. . .- N .............. ..............

1 ] .............. .............. T — .............. ..............

o R P R T — .............. L

Note that:

lim H(x) = 0 (from theleft)

z—0~

lim H(z) = 1 (from the right)

x—07F

Therefore

lim H(x) = DNFE (does not exist)

z—0



Definition

We write:
lim, .- f(z) = L
We say:
the limit of f(z) as x approaches a from the left is L
We mean:

we can make the values of f(x) as close to L as we want by
choosing values of x sufficiently close to BUT LESS THAN a

Also

We write:
lim, .+ f(z) = L
We say:
the limit of f(x) as x approaches a from the right is L
We mean:

we can make the values of f(x) as close to L as we want by
choosing values of x sufficiently close to BUT GREATER THAN
a

Thus



lim f(z) = L <= lim f(zr) = L AND lim f(z) = L

T—a r—a~ r—a™t

ex 4 Find the following, if they exist:

>
x
3 =
lim  ~h(z) = im  ~h(r) = lim A(z) =
A ) A ) 5 1)
lim h(x) = lim h(x) = lim A(z) =
g o M 35 1)

how about h(6) = 7



ex 5 Find

1

2
Plug in some small values of . What do you get? Do these values
approach a single number?

NO, thus the limit does not exist, that is, DNE

We say

_ 1
lim — = o
x—0 1'2

This does NOT mean that oo is a number or that the limit exists,
it is simply a description as to how the limit does not exist.

Thus
We write:
lim, ., f(z) = o0
We say:
the limit of f(x) as x approaches a is infinity
We mean:

we can make the values of f(z) as large as we want by choosing
values of x sufficiently close to BUT NOT EQUAL to a



Also

We write:
lim, ., f(x) = —o0
We say:
the limit of f(z) as x approaches a is negative infinity
We mean:

we can make the values of f(z) as large and negative as we want by

choosing values of x sufficiently close to BUT NOT EQUAL to a

Note that f(x) need not even be defined at a

Definition

The line z = a is called a vertical asymptote of y = f(x) if at least one
of the following is true:

lim f(x) = oo lim f(x) = oo lim f(z) = oo
r—a™t T—a~" T—=a
lim f(x) = —¢ lim f(z) = —o0 lim f(z) = —o0
r—a™t r—=a~ r—a
ex 6 Find

lim Inx

x—0Tt



Worksheet for Section 1

Y

1. For the given function, state the value of each quantity, if it exists.
If it does not exist, explain why.

(a) lim,_yo- g(z)
(

2. Determine the infinite limit  lim,_,5+ In(x —5)

9*—5"

3. Use a table of values to estimate the value of lim, g



Homework for Section 1

1. Sketch a graph of an example of a function f that satisfies all of
the given conditions

(a) liHl:zc—>3+ f(l') - 47 hmx—>3* f($) - 27 hmx—>—2 f(.CC) -
2, f(3)=3, f(=2)=1

(b) hmx—ﬂ)‘ f([l?) - 17 hmx_>0+ f(CL’) = _17 hmx—)?‘ f(CL’) =
0, lim, o+ f(x)=1, f(2)=1, f(0)is undefined

2. Use a table to estimate the value of

vr+4—2
T

lim
z—0

3. Find the following limits if they exist:

(2)

_ 6
lim
r—=5T T — 5

(b)

I 2—x
im
r—1 (x — 1)2

4. In the theory of relativity the mass of a particle with velocity v is

mo
V1—v?/c?

where my is the rest mass and c is the speed of light. What happens
asv —c 7

m =



2 The Limit Laws

Suppose ¢ is a constant and lim, ., f(x) and lim,_,, g(x) exists. Then:

L lim, . [f(2)+g(x)] = lim., f(x) + lim, ., g(x)
2. limy [f(2) = g(2)] = limyye flz) — limgo, g(@)
3. limy,, [c- f(z)] = ¢ limy_, f(x)

4 lim,, [f(2)g(2)] = limps, f(2) lime, g(z)

5. lim,_, g g; = E?jj:z ch Eg provided lim,_,, g(x) # 0
6. lim, ., [f(x)]" = [lim,., f(x)]" provided n € Z*
7. lim,_, c = ¢

8 lim,,, = a

9. lim,,, 2" = a"

10. lim, ,, Yz = a provided n € Z*

11. lim,_, m = (‘/limx_m f(z) provided n € Z*

These Limit Laws enable us to evaluate limits.

ex 7 Find lim,_,5 (222 — 3z + 4) by justifying each step.

lim,_5 (222 — 3z +4) = lim,_5 20° — lim,_53z + lim,_5 4
(Rule 1 and Rule 2)
= 2-lim,s 22 — 3-lim,5  + lim,s 4
(Rule 3)
= 2(25) — 3(5)+4 (Rule 7, Rule 8 and Rule 9)



= 39 (Rules from Grade School)

As you can clearly see this is a tedious and boring process. We will
not be going about it this way:...

Proceed as follows. Given a limit, without justification of course, first
try the Direct Substitution Property, which says

If f is a polynomial OR a rational function AND a is in the domain of
f, then

lm  f(z) = fla)

T — a

In other words, you can just plug it in. Provided it is in the domain of

course!
ex 8 Find
, 2 —1
lim
r—=1 1 —1

Does Direct Substitution work here? Why not? Now what?

If Direct Substitution doesn’t work then try factoring or simplifying
or rationalizing. Which of those will help here?

Since
2_1 1 —1 2_ 1 1 —1
T _ (x+ 1)(z—1) iy © ~ lm (x+1)(x —1) _
x—1 r—1 z—1 ¢ —1 x—1 r—1
lm z+1 = 2
r—1

BE CAREFUL!! Does
x?—1

= x+17 NO!
r—1




Then why is the previous method still correct??

ex 9 Find

4 2
lim(-+h) 16
h—0 h
Again, Direct Substitution will not work. Why? What will work?

44+ h)2 -1 1 h+h?—1 h + h?
iy AFA°—16 164 8h O _ i S seh — 8
h—0 h h—0 h h—0 h h—0

Recall that
lim f(z) = L <= lim f(x) = L AND lim f(z) = L

T—a r—at i

ex 10 Show
lim |z| =0
z—0
Recall that:
2| x, x>0
| -z, z <0
fr>0 = lim, o+ |2z] = limy,p+r x = 0
fr<0 = lim,,- |z| = lim,,- (—z) = 0
— lim, . || = 0
ex 11 Show
im 2 pNE



Again

fo>0 = lim, e & = lim,p & =1
fo<0 = lim,, 2 = lim,_,, =2 = —1
— lim, 0 2 = DNE

ex 12 Let

flz) = vr—6, x>6
1 12—-22, 2z < 6

does lim, . f(x) exist? Use the same method as the last two examples.
Theorem

If f(x) < g¢g(x) when z is near a and the limits of BOTH f and
g exist as x — a then

lim f(z) < lim g(z)

r—a r—a
This essentially provides us with a very useful theorem called....

Squeeze Theorem

If f(x) < g(z) < h(z) when x is near a and

lim f(z) = lim h(z) = L

T—a T—a

then
lim g(z) = L

r—ra



[ will provide a beautiful illustration of this in class.

ex 13 If

1 < f(z) < 2°+20+2
for all x, find

lim,, 1 1 = 1and
lim,,_; 22+ 2z +2 = 1 so by the Squeeze Theorem
lim, 1 f(z) = 1 as well.



Worksheet for Section 2

22 +5z+4
x2+4+3r—4

1. Determine the limit if it exists lim,_,_4

2. Find lim,_, % if it exists. If it does not exist, explain why:.

3. Show by means of an example that lim,_,, [f(x)g(x)] may exist
even though neither lim, ., f(z) nor lim,_,, g(x) exists.



Homework for Section 2

1. Is the following a true statement?

2?4+ x—6
= z+3
x — 2
2. Why is this statement true then?
2
. T+ x—06 :
lim = lim =+ 3
r—2 r — 2 r—2

3. Find the following limits if they exist:

(a) Find lim,_»- f(x)
(b) Find lim,_,o+ f(x)
(c) Find lim,_,o f(x)
x? if x is rational

5. 1f f(x) = { :

of xis irrational

prove lim, .o f(z)

= 0



6. Is there a number a such that

o 32 4+ar+a+3
lim
r——2 x4z —2

exists? If so, find a and the limit.



3 The Precise Definition of a Limit

Phrases like "as close as you like” are sometimes inadequate.

Consider

Cf2x—-14f v#3
f@)_{6 if x=3

Intuitively it should be clear that when x is close to 3, but x # 3, then
f(z) is close to 5.

But, how close to 3 must x be so that f(z) differs from 5 by less
than 0.17

Now
| x — 3 | represents the distance from x to 3
| f(x) — 5| represents the distance from f(x) to 5

So we need to find a number, which we will call delta d, such that

If 0<|z—3|<d then | f(z)—5|<0.1

Notice that if 6 = % = .05, then

| f(x)=5| = [20—-1-5| = |2x—6| =2|z—-3| < 0.1

ONLY if
0 < |z—3] < .05 =296



What if I change 0.1 to .01, will the same 0 work? No.

Using the same method as above, we would need ¢ to be .005

You can see that this game can go on for quite a while. The idea
is to be able to bring the difference between f(z) and 5 below ANY
positive number.

Clearly an actual value will not work since for any value of  someone
can just choose a much smaller value. From the example though we can

see that the value of 6 depended on how close [ wanted f(z) and 5 to be.

For 0.1 we needed 0 = .05
For .01 we needed 6 = .005, etc...

The proximity of f(x) and 5 also gets a value, it is called epsilon €
So here is how the game is played...

For this example, let € be any arbitrary positive number, 0.1, .001
or whatever, then

If 0 < |z—-3] <6 =7 = |flr)=5| < ¢

If 7 = g then this will ALWAY S work |

Graphically



¥
A e
B+epsilon — /ﬂ:}{) is in here
5 —_—

S-epsilan —

when x is in here and not equal ta 3

J+delta
I K

F-delta
I

7 i¢

-

If we take values of x (x # 3) to lie in the interval (3 — §,3 4+ ) we
can then make values of f(x) lie in the interval (5 — €,5 + ¢€)

Definition

Let f be a function defined on some open interval that contains the
number a, except possibly at a itself. Then

lim f(z) = L

[F

Ve > 0,36 > 0 suchthat |z—a| < § = | flx)—L| < ¢€

ex 14 giveny = 2%, findadsuch that | z—1 |[< 6 = |2*—1]|< 3



15 ...

S

q -

sqrt1/2) 1 sqi(32)

For this example, the equivalent limit would read..

lim 22 = 1
r—1

on the left hand side we need |z — 1| < \%—1\ ~ .292

on the right hand side weneed |z — 1] < |4/3—1] ~ .224

So we must choose what for 67 .224 but why?

Always the more restrictive of the two. What works on one side must
work on the other as well.

ex 15 Prove lim, ,3 (4o —5) =7

The idea is to use the definition and work backwards. The definition
says:

Ve > 0,30 > 0 suchthat |z—a| < 6 = | flx)—L| < ¢



Which means we need to end up with | f(x) — L | < € so we will
do our SCRATCH WORK

Weneed | f(x)—L| < e = |4a=0)—-T7T| < e = |4do—12| < ¢
—
[ 4|]|x—3] < e = 4|x—3| < ¢

Now what do we have control over? Why did I stop when I got | x —3 |
as a factor? That represents 0 which I can make as small as I want!
Remember that you are always given € and you get to pick the ¢

That is, given |z —3| < § =
What might work for 47
Why does § work?

Now formulate the proof

Given € >0, choose 0 = ZEL (or anything smaller).

Thenif |z —3| < § we have that
| (dx—=5)—=T7| = |dox—12| = |4]||z-3| < 4.6 =4

€
.—:6
4
Thus, |x—3|] <0 = |(dx—=5)—-T7| <€ n

Of course this works perfectly with actual values as well. Let’s try



one. Say | want you to get within .001 of f(x) =4z —5

Since lim,_,3 (4x —5) = 7, I want to see how far away from 3 I need
to be so that I am within the interval (6.999,7.001)

Now our proof claims that 6 = ¢ or anything smaller of course so

what should work? Well, § = % = .00025

This means if we are in the interval (2.99975,3.00025) on the z-axis
then we should be in (6.999, 7.001) on the y-axis

Let’s see. What is f(2.9998)7 It’s 6.9992. That is in our prescribed
interval so I guess that works.

What if we are just outside the interval at say f(2.99970)7 Well
£(2.99970) is 6.9988 which is indeed out of our y-axis window.

[ would say that is moderately neato wouldn’t you? Be honest, I know
you would.

ex 16 Prove lim, ,; 2z +3) =5

SCRATCH WORK

Weneed | f(r)—L| <e¢ = |(22+3)—-5| <€ =
120 2| < ¢ =
2]z —1| <€ = 2|z—1]| < ¢

What works for & now?



Now formulate the proof

Given € > 0, choose § = g (or anything smaller). Thenif |x—1] < ¢

we have that

| 2z+3)=5| = |2¢e—-2| = |2]|z—1] < 2:0 =2-= = ¢

€
2
Thus, |z—1] <0 = |(2z+3)=5] <€ =n

Try some actual values with this one and you will see that it works
perfectly.

With these past couple of examples the trend seems to be, factor out
a constant so we can get the | x — a | part times the constant, and
then divide by the constant to find 9. As long as we are dealing with
constants this works fine because since we obtain ¢ |  —a | and we get
to make | z — a | as small as we want. What happens if we get a little
extra though? Does this method still work?

ex 17 Prove lim,_,3 22 =9

SCRATCH WORK

Weneed |flo)—L| < e = |2°—9] < e
— | (z+3)(z—-3)| < e =
|z +3||z—3| < €



And uh oh. What works for 0 now?

€
6 = ———— 7797
| x4+ 3|

Absolutely not! We need ¢ to be a constant.

Well what if we could find a constant, C', such that | x + 3 |< C.
We are only really interested in values of x close to 3 anyway. No one
would be silly enough to say get me within the interval (0, 18) on the
y-axis would they?

If we could find this C, then we could just let 0 = & and repeat the
previous procedure so let’s see if we can do just that.

Since we are taking a limit as * — 3, we are only concerned with
values close to 3. How close? Let’s assume within 1 unit of 3. (this 1
unit is arbitrary, you could choose however many units you like)

Keep in mind we need | x + 3 |< C, so within 1 unit of 3 means
|z —3 <1

If we choose 2 units we would start with | x — 3 |< 2, etc...

So |z-3] <1 = 2<2<4 = S<at3<7T = |az+3|<7

So it seems that C' = 7 is a suitable choice.



We must proceed carefully since now we really have 2(two) restrictions:

l|z+3|<7

AND

2. |z =3 |<5=¢%

To insure that both of these restrictions are met you must choose d to
be the smaller of the 2 (remember ex 46)

That is denoted as § = min{1,¢/7}
Now formulate the proof

Given € > (), chooseézmm{l,;}. Thenif |x—3| < ¢
we have that
|z —3|<1sothat |z+3|<7

Thus, |z°—9| = |z+3]||z—-3] < 7(;) =€ =

You really need the minimum aspect. If you only said 0 = £ then
try it with € = 14 and you will see that it fails.

Clearly though min{1, 2} is 1 and it would follow.



Worksheet for Section 3

1. Use a graph of f(x) = 1/x to find a number ¢ such that |
105 < 02
whenever |x—2] < 6.

2. Prove, using the 0 , € definition of a limit, that lim,_, o (%x+3) =
2



Homework for Section 3

1. Graph f(z) = /= and use it to find a number § such that | \/z —
2 |< 0.4 whenever |z —4|< ¢

2. Prove the following statements using the €, 0 definition.

(a) limy, 3 (1 —4z) =13

0 of x 1s rational

. li d
1 if x is irrational prove limy o f(z) does

3.1f fla) = {

not exist.



4 Continuity

Definition

A function is continuous at a number a if

lim f(x) = f(a)

r—a

It is absolutely crucial to realize that this definition requires three (3)
things:

1. f(a) is defined, that is, @ is in the domain of f
2. lim,_,, f(x) exists, AND

3. lim, ., f(z) = f(a), that is, the numbers you get from (1) and
(2) are THE SAME

If f is not continuous, it is called discontinuous



ex 18 Where is h(z) discontinuous?

F
X
3 &
at a = 3, since both (1) and (2) are violated and at
a = 6 since (3) is violated h(6) =1 and lim, 6 h(z) = 4

and clearly 1 # 4

ex 19 Where is f(z) discontinuous?

2 —x—2

fla) = =2

at t =2 Why?



ex 20 Where is f(z) discontinuous?

still at z =2 Why?

Some books identify different types of discontinuities, such as remov-
able, infinite and jump. I will graph these for you.

Definition
A function f is continuous from the right at a if

lim f(z) = f(a)

r—a™t

Definition
A function f is continuous from the left at a if

lim f(z) = f(a)

T—a

Definition

A function f is continuous on an interval if it is continuous at every
number on that interval.

At an endpoint it is understood to be continuous from either the right
or left



Theorem

If f and g are continuous at a and c is a constant, then the follow-
ing are also continuous at a

L.f+g

2. — g

3. ¢(f)

4. fg

5. f/g, provided g # 0

Theorem

Any polynomial is continuous on R

Any Rational Function is continuous on its domain
Theorem

The following functions are continuous at every number in their do-
mains:

polynomials trig functions log functions exponential func-

tions
rational functions  inverse trig functions  root functions

these are called the elementary functions



ex 21 How can we show that f(z) is continuous on (—o0, co) if

[ af difr<]

f(z) is a polynomial on (—o0, 1) so it is continuous there
f(z) is a root function on (1, 00) so it is continuous there

we need to make sure that these two parts "meet” at x = 1, so lets go
through the three possibilities at £ = 1 since that is the only possible
problem

lim f(z) = lim vz =1

z—1Tt r—1t
lim f(x) = lim 2* = 1
z—1" Tz—1"

thus, lim, ,; f(r) = 1, also, f(1) = V1 = 1 = f(z)is

continuous on (—o0, 00)
Theorem

If f is continuous at b and lim,_., g(z) = b, thenlim,_,, f(g(x)) = f(b)
that is,

lim f(g(z)) = f(lim g(z))

T—ra T—a

e A limit symbol can be moved through a function symbol IF the
function is continuous and the limit exists



ex 22 Evaluate

1_\/5>

lim arcsin
—x

r—1

Since arcsin is continuous this can be rewritten as

1_¢§>

1l—=x

arsin b () -

1
1 _
arcsin $1_)rri (1+\/§)
1 T
6

arcstn lim
r—1

arcsin — =
?

Theorem

If g is continuous at a and f is continuous at g(a) then the composite
function, f o g is continuous.



The Intermediate Value Theorem

Suppose f is continuous on the closed interval [a, b] and let N be any

number between f(a) and f(b), where f(a) # f(b). Then there must
exist a number ¢ in (a, b) such that f(c) = N

Intermediate “alue Theorem

Here there are 2 values where f(c¢) = N, ¢; and ¢,

ex 23 How can we show that there is a root of 422 — 622 +3x —2 =0
between 1 and 27

So, we are looking for a ¢ between 1 and 2 such that f(c) =0



But, f(1) = -1 < 0and
f(2) =12 > 0 and since f is continuous, by the IVT there must be
at least one root between 1 and 2. Why?



Worksheet for Section 4

1. Show that f(x) is continuous on (—o00, 00).

2, r<1
f(x):{\/g, > 1

2. Why is the following function discontinuous at a = 17

2
r~—X 1
) = I2_17$#
g(z) {17 o

3. Is there a number that is exactly one more than its cube?



Homework for Section 4

L.

Sketch the graph of a function that is continuous everywhere except
at r =2

. Use the definition to show that f(z) = 2? + /7 — x is continuous

at 4.

. Explain why the following functions are discontinuous at the given

number a
(a) flz)=In |z—=2| a=2

L if x
s {3707 e

e’ if x<0

@ 7w ={ 5 IS0 am

Find the numbers where the following functions are discontinuous

(1+22 if 2<0
(a) f(x) =¢ 2—x if O0<x<2
L (z—2)% if 2>2
(v+2 if <0

(b) f(x) =< €* if 0<x<1
(2—2 if x>1

. For what constant ¢ is the following function continuous on (—oo, 00).

Jex+1 if <3
f(:z:)—{ 2> —1 if >3

If f(z) = 23 — 2*+ 2 show there is a number ¢ such that f(c) = 10.

Use the IVT to show that f(x) = '+ 2 — 3 = 0 must have a root

n (1,2)



8. For what values is the following function continuous? f(z) =
0 ¢f x s rational
1 if x 1s irrational



5 Limits at Infinity

Consider the following limit:

lim
T—00 :CQ + 1

If you begin to plug in values of x, what happens?

It seems as if the fraction gets closer and closer to 1
Definition
We write:

lim, voo f(x) = L
We say:
the limit of f(z) as x approaches infinity is L

We mean:

we can make the values of f(z) as close to L as we want by choosing
values of z sufficiently large

Also

We write:
lim, , o flz) = L

We say:



the limit of f(x) as x approaches negative infinity is L
We mean:

we can make the values of f(x) as close to L as we want by
choosing values of x sufficiently large and negative

* Note that oo and —oo do NOT represent actual numbers *

Definition

The line y = L is called a horizontal asymptote of y = f(x) if:

o Tl = &
or
it T2} =
ex 24 Investigate
1
lim —
T—0 U

What happens to the function as z gets very large? It looks like the
limit is 0.

Theorem

If r > 0 is rational then,
1

lim — = 0
z—oo T
If » > 0 is rational such that " is defined for all , then
, 1
lim — =0

x——o0 '’



We will use this fact to evaluate limits as x approaches co OR —o0

ex 25 Evaluate

, 3x2 —x —2
lim
T—00 53}2 +A4x +1

The technique is as follows. Since we are only concerned with large
values of x, dividle EACH TERM by the highest power in the DE-
NOMINATOR. Then we can utilize the previous theorem.

322 2 12
o Bt-r—2 L roaom . 3o i—w
llm  — i lim  —— - = lim T
X X = —_
z—o0 drs + 4w + T—00 7+?+P T—00 5+:E+x2

Now, keeping in mind the theorem, what happens to the following as
xr — 00’

1 2 4 1
-, =, — and —
x

x? x?
They all go to 0! Thus,

_ 3x2 — 1 —2 3
lim = —
T—00 5332—{—4334—1 5

ex 26 Find the vertical and horizontal asymptotes of

3

x? + 3z — 10
Recall that to find the vertical asymptotes simply determine when the

y:

denominator 1s zero

To find the horizontal ones, determine the limit as y approaches both
oo and —oo



ex 27 Find

lim e*
TrT— 00

What happens as x gets very large? So does e”

ex 28 Evaluate

lim e’
Tr——00

Don’t forget that e™" is equivalent to eix therefore this limit gets very
small

ex 29 How about

lim sin x
Tr— 00

What happens to the graph of y = sin x as you go farther and farther
to the right?

ex 30 Evaluate
, 2+r—5
lim
T—00 15 — o

Try this one on your own



Worksheet for Section 5
1. Sketch a graph of a function that satisfies the following conditions:
(a) lim,, o f(x) =00
(¢) limy oo flx) = —3

a:3—2x+3
5—2q:2

2. Find  lim,_,

3. Find  lim,_,o tan™t(z? — %)



Homework for Section 5

1. Sketch the graph of an example of a function that satisfies the given

conditions.

(a) lim, o+ f(z) =00, lim, - f(x)=—00, lim, o f(x)=
L, lim, s o f(x) =1

(b) hmx—>0_ f(ﬂ]) = — 00, hmx—>0+ f($> = 00, limx_ﬂ f(x) =

—00, limy o f(z) =100, lim, » f(z)=0

2. Find the following limits if they exist:

(2)

, 3r + 5
lim

r—=o00 1 — 4

(b)

, 2 — 32
lim ——
z—oo br? + 4x

. 2 + 2
lim
z——o00 T34+ 2 —1

y dut+5
1m
a0 (u2 — 2)(2u2 — 1)

, 926 — x
lim 2

lim cos x
T—00

lim
T— 00
x2—|—4

3. Find the horizontal and vertical asymptotes of y = propl



6 The Derivative

Recall

Previously we used approximations to determine the slope of the tan-
gent line. That is, given y = f(x) and a point P(a, f(a)) we considered
a nearby point Q(z, f(x)) where x # a and found the slope of the se-
cant line P(), which was

fz) — f(a)

r—a

me =

Now

Definition 1

The tangent line to the curve y = f(x) at the point P(a, f(a)) is the
line through P with slope

) - fla)

T—a Tr — a

Limats are how we formally deal with the concept of
getting closer and closer

If you recall the example from before we attempted to find the slope
of the tangent line to the curve y = x* at the point (1,1). Now we can
determine this exactly. The slope is:

fl@) — f(1) a2t -1

lim = lim
r—1 r—1 r—1 1 —1




There is an analagous definition that we will also use

[fweleth=2—a = x=a+hand

ey Flat ) = fla)
h
So
Definition 2
L flath) - f(@)
h—0 h

*¥* Definitions 1 and 2 are two different ways to say the
exact same thing ***

ex 31 Find the EQUATION of the tangent line to y = 3/x at the
point (3, 1)

Now in order to find the equation of ANY line you need either two
points OR one point and the slope.

How fortunate for us that we now have a formula to determine the
slope.

Let’s use definition 2:
Since f(x) = 3/x we have

3 h _ 3 I 1 3 _ 3+h
m = lim f3+h) — f(3) — lim 3t — lim 3h3+h
h—0 h h—0 h h—0 h
3—(3+h) —h _h
lim —2 — lim 3 — lim —— —

>0 h k>0 h h—0 h(3+ h)



lim ——— = ——
hli% 3+ h 3

So the EQUATION isy — 1 = —1/3(z — 3)

Note that I have used point-slope form. You may use y-intercept if
you insist but it will require some more work on your part to determine

b

Velocities

In general the equation of motion is given by s = f(t) where s is
the displacement of the object and t is time. This function, s = f(t),
is called the position function. Now the average velocity is simply the

change in distance, or displacement, divided by the change in time.
That is:

_ Adisplacement fla+h)— f(a)
average velocity = N T = -

with a start time of ¢ = a and an end time of t =a + h
or you can think of h as the change in time if you like

How would I go from average velocity (two points) to instantaneous
velocity (one point)?

fla+h)— fla)

instantaneous velocity = wv(a) = lim



Look familiar??

For y = f(z), if  changes from x1 to x, let Az = x5 — 14

Then the awverage rate of change, also called the difference
quotient, is

% _ J(&e) = flx)

Az To — X1

OR

fla+h)— fla)
h

And the instantaneous rate of change is:

lim % = lim flwa) = fl@)
Az—0 Ax To—1] XTo — I
OR
L flath) — [0
h—0 h

The instantaneous velocity is so important that it gets a special name.
It is called The Derivative



Definition

The derivative of a function f at the number a, denoted f'(a), is:

P (CRRO R i)

h—0 h

provided the limit exists.

Equivalently, of course,

o) — i L) =@

T—a Tr — a

ex 32 Find the derivative of 222 — 5 at the number a

So
— 202 —5— (2a* — 5 222 — 2a°
f'(a) = lim f(z) = Jla) — lim =2 (2a ) — fim L %
r—a xr—a T—a xr—a r=a X — a
2 2 _
= im 2T g 2B FYE O e = 220) = 4a
r—a Tr — a r—a Tr — a r—a

ex 33 Find the equation of the tangent line to the graph y = 22? — 5
at the point (2, 3)

Since we have already determined the slope at any point in the previous
example, m = 4a, the slope when a = 2 is 8.

Thus the equation is y —3 = 8(x — 2)



ex 34 If the position of a particle is s = f(t) = %H where ¢ is in
seconds and s is in meters, find the velocity and speed after 2 seconds

Let’s use the other definition this time. f(t) = -

= 1 SO
fRAR)-fQ) L T3
PR / JR— JR—
e
3 3+h —h
[y BB BGER) o BBHA) —h
h—0 h h—0  h h—0 3(3+ h)h
I —1 1
= lim = — =
h—0 3(3+h) 9

Thus the velocity is —1/9 and the speed is 1/9. Why?



Worksheet for Section 6

L.

If a ball is thrown into the air with a velocity of 40 ft /s, its height,
in feet, after ¢ seconds is given by y = 40t — 16t>. Find the average
velocity from ¢ = 1 to t = 2 as well as the velocity when t = 2.

. Find f'(a) if

1
o=
. Given that
. cos(m+h)+1
lim

represents f’(a), what is the function f and the number a?



Homework for Section 6

1. Find the slope of the tangent line at the given point for the following
functions:

(a) f(x) = 2%+ 2z at (—3,3)
(b) f(z) =2z +1at (4,3)
(©) fla) = 71y at (1,172
2. A ball is thrown into the air so that its height in feet after ¢ seconds
is s(t) =t — 8t + 18
(a) What is the average velocity over the following intervals?
i. [3,4]
ii. [3.5, 4]
iii. [4, 5]
iv. [4,4.5]
(b) What is the instantaneous velocity at t = 47

3. A different ball is thrown into the air so that its height in feet after
t seconds is h(t) = 58t — 0.83t>

(a) What is the velocity after one second?

(b) When will the ball strike the ground?
(c) What is the velocity at this time?

4. Sketch a graph of a function f that satisfies all of the given condi-
tions:

() FO) =0, F(0) =3, f(1)=0, and f/(2) =1
(b) f(0) =0, f(0) =3, f(1)=0, and f(2)=1
5. Find f

(a) f(z

(a) for the following functions:
)

= 2% — 21+ 2



(b) flz) =25
(c) flz) =3z +1

6. Each limit represents the derivative for some f at some number a.
Find f and a for each.

10__
(a) limy,_,o LA

: tan r—1

7. Find the velocity when ¢ = 2 if the displacement is given by s(t) =
t* — 6t — 5.

8. The number of bacteria after ¢ hours is n = f(t).
(a) What is meant by f'(5)?

(b) Given unlimited space and nutrients, which is larger, f'(5) or
f'(10)7

(¢) Given limited space and nutrients, would you change your an-
swer? Why?



7 The Derivative as a Function

Previously we considered the derivative of a function, f, at a number
a. But what if we let a vary ...

then,

f/(SU) — lim f(l’ + h) B f(:lj)

h—0 h

Now we have a new function, the derivative of f(x)



ex 35

I [ [ R R R o gttt o .............. Rt g :

try to sketch the graph of the derivative on the same graph thinking in
terms of slopes

ex 36 Let P(t) be the population of bacteria after ¢ hours. Construct
a table for P’'(t)

P(t)

8,000
11,000
17,000
25,000

B IN O+




Let’s approximate P’(4) and the rest is similar...

Py - PN =P

o) 3 for small values of h

Well what values could we use for h? If we need to calculate P(4 + h)
then what are our options? Looks like h =2 or h = —2

or h—9 P4 — lim P(6)—P(4) _ 25000 — 17000 4000
/
h—0 2 2

P(2)— P4 11000 — 17000
for h=-2 P'(4) = lim 2) ) = = 3000
h—0 —2 —2

So our best guess would be what? P’(4) & (4000 + 3000) = 3500

Continue in this fashion for the rest of the table

ex 37 If f(x) = v —1, find f'(x) and compare the graphs of both
f and f’



flx)=sqrt(x-1)

fl=12(sqrt(x-17)
5 T T ! ; T

Do these seem reasonable from a slope perspective??

Other Notations:

Definition

A function f is differentiable at a if f'(a) exists. It is differentiable
on an open interval (a, b) if it is differentiable at every number in that

interval.

ex 38 Where is f(x) =| x | differentiable?

Note that  f'(z) = lim

If >0 = |z+h]

() = lim

h—0

|z +h|—|x]
—0 h
r+h and |z| =1 =
(@+h)—(x) _

h



So f is differentiable for x > 0

If <0 = |xz+h| = —(z+h) and |z| = —2 =
oy o —@th) ()
fla) = Jim h =

So f is differentiable for x < 0

What about at = 07

|
—_

limy, o+ f(:l:‘) =
limy, - f(il?) —

|
|
| —

—> f1s NOT dif ferentiable at 0

Theorem
If f is differentiable at a then f is continuous at a
proof:

To show that f is continuous, we shall use the definition to show

lim, ., f(z)= f(a)

Observe

lim f(z) = lim f(x)

T—a T—a

= lm f(z) = lim [f(2) + f(a) - f(a)

T—a

< lim f(z) = lim f(a)+lim (f(z) = f(a))



Note however  f(x)— f(a) = f(x) — f(a)

= f) - f =D,y
= lim (fl) - @) = m IO IO
=l ()~ fla) = I (P2 i @ -0
~ Jla)0 =0

Thus

Is the converse of this theorem true? Does continuity = differen-
tiability?

NO

Provide an example of a function that is continuous and not differen-
tiable.

It turns out that there are three possible "issues” with a graph be-
ing differentiable.



1. sharp corners
2. discontinuities

3. vertical tangents



Worksheet for Section 7

1. Make a careful sketch of f(x) = sin x and below it sketch f'(x)
thinking slopes. What is f'(x)?

2. Using the DEFINITION of the derivative, find ¢/(z) if g(z) =

72



Homework for Section 7

1. Make a careful sketch of the following functions and on the same
set of axes sketch f’. Can you guess a formula for f'(z) from the
graphs?

(a) f(x) =sinx
(b) flz) =inx
(¢) flx) =e"

2. The following table gives displacements at various times t.

ts(t)| t|s(t)
1) 68 || 6] 54
2075 | 7149
3169 | 8] 45
4161 | 9| 42
51 56 | 10| 40

(a) What is the meaning of s'(t)?
(b) What are its units?
(

c¢) Construct a table of values for s'(¢).

3. SHOW where f(z) =| x — 3 | is not differentiable.
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