MATH 151 Exam 1 Notes Spring
1 Integration by Parts

Recall that integration and differentiation are related. How?
Each differentiation rule has a corresponding integration rule
chain rule for differentiation <— substitution for integration

product rule for differentiation <— integration by parts

Recall the Product Rule

i f()gla)] = F2)g/(2) + gla)f ()

if we let u = f(x) and v = g(x) then
d

— [uv] = udv + vdu

dx

integrating both sides gives us....

uv=/udv+/vdu

the formula for integration by parts:

/u dvzuv—/v du

or, using f(x) and g(x)

or



ex 1 find

/xsz’nx dx
/u dv:uv—/v du

we need to choose both a v and a dv

Since

the idea is to choose the u such that du gets ”easier”
So let u = x, then du = 1, which makes dv = sin x and v = —cos x

note that we can choose any antiderivative so just choose the sim-
plest one, that is let C' =0

thus

/x sin x dr = x(—cos x) — /(—cos r) dx

= —x cosx+/(cos r) dx

= —xcosx+snx+C

if we had let ©w = sin x and dv = x dx, we would have gotten

2 1
/a:sin:c dx:?(sina:)—é/xQCosx dx

8



which clearly is NOT easier.

ex 2 Evaluate

/Zn:c dx

So let w = In x, then dv = dx, which makes du = 1/x dz and v = x

this gives us

/lnx dr=xzlnx—x+C

Sometimes you may need to do parts twice...

/ 12 cos mx dx

ex 3 Evaluate



So let u = 22, then dv = cos ma dz, which makes du = 2z dx and
v=1/m sin mx

thus

/ZL‘Q cos mx dr = 1/m z* sin mx —2/m /x sin mx dx

Yes, this has gotten a little easier but we still need to evaluate / x sinmz dr

so use parts again with U = x, then dV = sin mx dx, which makes
dU = dz and V = —1/m cos mx

therefore

/ 2% cos mx dx

= 1/m 2* sin mx — 2/m[—1/m x cos mx + 1/m? sin mz + C]

= 1/m 2* sin mx + 2/m?* x cos mx — 2/m> sin mx + C

This next example shows one final technique for integration by parts.
You will notice that neither u or dv gets any easier but occasionally you
can perform parts twice and get back the original function. When this
happens you simply gather all the like terms, in this case the original
integral, back over to the left hand side and simplify.



Observe:

ex 4 Evaluate

/ex sin x dx

So let u = €%, then dv = sin = dx, which makes du = e and
V= —CoS T
SO

(1) /ex sin x dr = —e* cosx—l—/e"” cos x dx

now, just looking at / e’ cos r dr
let u = €e”, then dv = cos x dx, which makes du = e” and v = sin x

SO NOW we have

(2) /excosxdx:exsinx—/exsinxdx
and here you can see that we get back the original integral.
Combining (1) and (2) yields:
/ex sin x dr = —e* cos x + e” sz’naz—/ex sin r dx
or

2 / e’ sin v dr = e"(sin x — cos x)



so it follows that

1
/exsm:n dl’ziew(SiTLZU—COSQE)—FC

You can also use parts for Definite Integrals




Worksheet for Section 1

1. Evaluate using integration by parts:

(a)/036029d9 Cletu=0, dv=sec?df

(b) / x cos bx dx

(c)/rer/zdr



Homework for Section 1

1. Evaluate the following:

(a)/az”nmdaﬁ let u=Inz and dv=a*dx
x cos dx dx

(b)

z "2 dx



2 'Trigonometric Integrals

2.1 Integrals of the type

/ sin™ x cos" x dx

/ sin® © dx

Clearly substitution will not work here

ex 5 BEvaluate

to integrate cos x you need a sin x

to integrate sin x you need a cos x

2

using cos’x + sin® v = 1 we have

/sm?’ r dr = /sz’nQ r sin v dr = /(1 — cos* x)sin x dx

then let © = cos x and du = —sin x

SO
1
/sz’n?’x dx:...:—coscc+§cos3x+(]

The idea is to write the integrand with either

1. One factor of sine and the rest cosine
or

2. One factor of cosine and the rest sine



ex 6 Evaluate
/ sin’ x cos® x© dx

rewriting...

/sin5 r cos® x dx = /(sin2 r)? cos® x sin x dx

then substitution yields:

1 2 1
—/(1—u2)2u2 du:...:—50053x+56035x—50037x+6'

As long as you have odd powers the preceding strategy is great but
what if there are only even powers of sine and cosine?

Use the half-angle identities:

2 1

sin“x = 5(1 — cos 2x)

or

1
cos’x = 5(1 + cos 2x)

ex 7 Find

/sin4 xr dx
/Sin4 r dr = /(SmQ r)? dx

rewriting...



and substituting the identities yields:

1 — cos 22\ 1 5
5 dx:i (1 —2 cos 2z + cos” 2x) dx = ...

1/3 1
=Z<§x—sz’n2x+gsin4x>+0

So, the strategy for / sin™ x cos" x dx is:

1. If the power of cos x is odd, save one cos x and make the rest sin x
and let u = sin x

2. If the power of sin x is odd, save one sin x and make the rest
cos x and let u = cos x

3. If both have even powers then use the half-angle identities



2.2 Integrals of the type

/ tan™ x sec" x dx

Here the strategy is slightly different and you will be using the identity:

sec> r =14+ tan’ x

or

2

tan® r = sec® © — 1

2

1. If the power of sec x is even, save a sec” x and make the rest tan x

and let uw = tan x

2. If the power of tan x is odd, save one sec x tan x and make the
rest sec x and let ©u = sec x

3. Otherwise, be creative

ex 8 Find p
/ sec* 0 tan* 0 db
0

rewriting...

/4 /4
/ sect O tan 0 df = / (tan® 6 + 1)(tan® 0)sec® 6 db
0 0

and using the substitution u = tan 0 and du = sec®  df yields:

12

/4
/O (24 D)) du= .. = o



Worksheet for Section 2

1. Evaluate the integral:

(a) / sin’z cos’s dw

/2
(b) / cos*6 df
0

() / tan*z dx



Homework for Section 2

1. Evaluate the following:

(a / sin® x cos* x dx
/ sin® x cos® xdx

)
(b)

cos® 0 db

o

1+ cos 9
sec® T tan x dx
tan® x dx

tan® © sec x dx

/
o)
o
g



3 'Trigonometric Substitution

Now we will use a slightly different kind of substitution called inverse
substitution

This method enables us to deal with integrals of the type
/ va?— a2 dx

There are three kinds:

Expression Substitution and Restriction Identity
a? — z? r=asinf —mw/2<0<7m/2 1 — sin® 0 = cos® 0
Vva? + x? r=atan  —mw/2 <0 < 7/2 1+ tan® 0 = sec* 0

2

x? — a? r=asech)<0<m/2 sec’ 0 — 1 = tan® 0

* Think of this as using trig and the triangle as a substitution *

ex 9 Evaluate

/\/9—5132
Tz

If we let x = 3 stn 0 then we have that dx = 3 cos 0 df and

VI—122=v9-9sin20=v9cos20 =3 |cosf| =3cosb from

the restriction.
Why can we substitute this way?

Think of a right triangle whose opposite side is x, adjacent is v/9 — 2



and whose hypotenuse is 3...

So, inverse substitution yields:

N 0
/%da::/gcos 3 cos 6 db

9 sin? 0

:/cot29 d@z/(csc2€—1) df

JO — 2
:—cot<9—9+C:—u—sm_1 <§)+C

x
Note that we must return to the original . We accomplish this by

revisiting our triangle that was created for the substitution.

ex 10 Evaluate

9
/ 3 Va2 +4 dr
0
If we let x = 2 tan 6 then we have that dx = 2 sec® 6 df

also note that we can change the bounds at this point. When x = 0,
0 =0 and when © =2, tan § = 1s0 0 = /4

Here we want to think of a right triangle whose opposite side is =z,
adjacent is 2 and whose hypotenuse is a2 + 4

S0, inverse substitution yields:

/4

2 T
/x3Vx2+4 dx:/ 2 tan® 0 V4 tan? 0 +4 2 sec® 0 do
0 0

/4 /4
= 2 / tan® 0 sec O sec* 0 df = 2° / (sec* 0—1) sec® O sec O tan 6 db
0 0



and if we let ©u = sec 6§ and du = sec 6 tan 6 df then we have:

7T/4 64
25/ (u* —u?) du= ... :1—5<\/§—|—1)
0



Worksheet for Section 3

1. Evaluate the integral:

(a) : d
a x
212 -9

. x =3 sech

2
1
b —
(b) /\/5 312 — 1



Homework for Section 3

1. Evaluate the following:

1
(a) xzmdaﬁ xr =3 sect
3
T
b dr x=3tan 0
()/\/x2+9
p
1
d
(©) /\/i x3va?—1 !
1
d d
() x2/25 — 22 !
(e)/d—x
Va2 + 16
(f)/\/1—4x2dx

(h) / V5 + 4z — 22 d




4 Integration of Rational Functions using Partial Frac-
tions

It should be routine to recall how to combine

2 1 B B T+ 95
r—1 x+2 7 2242 -2

Partial fraction decomposition reverses this process...

Why bother with this? Then it will be possible to integrate things

like
/ T +5 g
24+ —2

2
= ... = / d:z:—/ ! dx
r—1 T+ 2

In other words we can now integrate Rational Functions

Before we begin, the rational function in question must be proper, that
is, the degree of the numerator must be less than the degree of the
denominator.

If not, then you need to divide. Sometimes this is all that is neces-
sary.

ex 11 Evaluate




This is an improper rational function so division gives us...

P +r
=" +ax+2+
x—1 r—1

thus

3 2
/:1; T dx:/ 2T +2+ dx
r—1 r—1

5173 2

= ... = §+%—|—2x+2ln |z —1]+C

The focus will be on the denominator of the rational function as it
must be factored as much as possible.

Fortunately there is a theorem that says ANY polynomial can be fac-
tored as a product of linear factors (ax + b) and irreducible quadratic
factors (az* + bz + ¢). As you may have guessed this will yield four
cases...



4.1 CASE I: Distinct Linear Factors
So, by the previous theorem there must exist constants
Aq, Ag, .. Ag

such that
R A A A
() _ L . S
Q(r) ax+b  axx+ b apx + by

ex 12 write the partial fraction decomposition of

1
2 —br+6

Qz)=2"—52+6=(z—3)(z —2)

and we have two distinct linear factors

thus

1 A B

x2—5x+6:x—3+x—2

multiply both sides of the equation by Q(x) and get
l1=A(x —2)+ B(x — 3)
Now we have 2 options:

1. substitute values for x or



2. equate the coefficients

1. Since
1= A(zx —2)+ B(x — 3)
r=3=>A=1
r=2—B=-1
or
2. Since

l=A(x —2)+ B(x — 3)
l=(A+B)r—2A—-3B
A+B=0=—A=-B
also —2A —3B=1=—=A=1and B=—1

It depends on the problem as to which method is easier. The first
method usually works better on linear factors and the second usu-
ally works better with quadratic factors.

ex 13 Evaluate

/ 2+ 2r—1
dx
213 4+ 322 — 2

SO

2+ 2 —1 A B C

—+ +
r2r —1)(z+2) =z 2x—-1 x+2




since we have 3 distinct linear factors. Expanding gives us

1*+ 20— 1= (2A+ B +20)2* + (3A+2B — C)z — 24

thus
1
2A+B+20 =1 — Azé
1
SA+2B—-C =2 — BZE
1
—2A = —1 — (=——
10
therefore

/ 22+ 2r — 1 / 11 1 1 1 1
dr = —— 4+ - N —
213 4+ 312 — 2 2« 52x—1 10z +2

1 1 1
= éln ]x]Jrl—Oln \23;—1]—1—()[71 |z +2]|+C



4.2 CASE II: Repeated Linear Factors

Suppose that a linear factor, (a;x + by) is repeated r times, that is,
(a1 + b1)" is in the factorization of Q(z).

Then instead of

Ay
a1xr + bl
you will need
Ay N As N N A,
a1z + by (alx + 61)2 o (alx + bl)r
ex 14 Evaluate
/ 522 + 202 + 6
x
3+ 22 +x
SO
r° 4+ 20" + v = z(x + 1)°
thus
5x2+20:c+6_A+ B N C
r(z+1)2 x4+l (z+1)?
and

507 4+ 20x +6 = A(x + 1)+ Ba(z + 1)+ Cx

Ifxr=0 = A=6
[fe=—1 =— C=9



to find B use any other value of x along with A =6 and C' =9

using x = 1 — 31=4A+2B+(C = B=-1

therefore
522+ 20x + 6 6 1 9
dr = — — + dx
3+ 222+ r r+1 (z+1)?
6 9
= — I || - +C
T+ 1 T+ 1
NOTE:

you must make as many substitutions as there are unknowns with this
method. We used x = 0,1 and 2.



4.3 CASE III: Distinct Linear and Irreducible Quadratic Factors

Now you will have a term of the type:

Az + B
ax? + bx + ¢

Also, you will need the following formula:

d 1
/ T tan? <§> +C
x% + a? a a

/ 203 — 4x — 8
dzx
(22 — z)(x® + 4)

ex 15 Evaluate

SO
(2% — 2) (2% 4+ 4) = 2(z — 1)(2° + 4)
thus
2x° — 4 — 8 _A+ B +Cm—|—D
(22 —z)(22+4) =z x—-1 2244
and

20° — 4x — 8 = A(x — 1)(z* +4) + Ba(z® +4) + (Cx + D)z(x — 1)

Ifxr=0 - A =2
Ifxr=1 — B =-2
Ifo=-1A=2B=-2 =— (=2
Ifer=2A=2,B=-2 = D=4



therefore
/ 23 — 4 — 8 p / 2 2 N 2T N 4 p
T = — — T
(22 — x)(2? + 4) r x—1 a22+4 22+4

= 2in |z|—2In |z—1|+In (2*+4)+2tan"" (g)—i-C




4.4 CASE IV: Repeated Linear and Irreducible Quadratic Factors

If Q(z) has a factor (ax? + bx + ¢)” then the partial fraction decompo-
sition must have:

All' + Bl A2$ + B2 ATLU + Br
+ —
ax’ +br+c (azx?+bx + ¢)? (ax? 4 bx + )"

Case IV will require you to equate coefficients to solve
for the constants

813 + 13
/udx

ex 16 Evaluate

(22 +2)?
SO
8x3 + 13x B A:z:—FB+ Cx+D
(22 +2)2 2242  (2242)2
and

82° + 13z = (Az + B)(z* +2) + Cx + D
— 82+ 13z = Ax® + Ba* 4+ 2A+ C)z + (2B + D)

— A=

— B =
2A+C =13 = (C=-3
2B+ D=0 = D=0



therefore
/ 8x3 + 13z p / ST 3x I
- r = —
(22 4 2)? 242 (22 +2)?

3
= ... =4 2+ 5
ln@-+)+%ﬁ+2y+0

There are times when some non-rational functions can be changed into
rational functions by a clever substitution.

ex 17 Evaluate

/\/mda:

X

If we let w = /& + 4, then v? = 2 +4, x = u* — 4 and dz = 2udu
thus

dxr = 5 2u du =
u —_

/\/m u

after dividing the rational function

4
:2/[1+u2_4] du

and then doing partial fractions on u* — 4 = (u + 2)(u — 2) we get...

2u+2(In |u—=2|—=In |[u+2])+C

=2V +4+2(n |[Ve+4—-2|=In |Vz+4+2]|)+C



it 1s not always necessary to use partial fractions on all
rational functions

/ 2+ 1
dx
x4+ 3x —4
1 322 + 3 1
——/ v dr = /—du
3 x> +3x —4 U

1
:gln | 2° + 3z —4 | +C

ex 18 Evaluate

ex 19 Find

2 _ o
/x x de
23 —2x —4
/ (x4 1)(x — 2) p / T+ 1 P
(x —2) (2?4 22+ 2) x? + 2x + 2

1
:iln | 2* + 22+ 2| +C




Worksheet for Section 4

Section 4 Worksheet Case I/I1

1. Evaluate the integral:

r—9
@f/(x+@@—2fm
1

®X/(x+@%x—ndz




Section 4 Worksheet Case III/IV

1. Evaluate the integral:

27? — 4
(a)/ x°—x+ Ju

x3 + Az

1 —z+22° — o
(b)/ x+2x 2:17 I
r(x?+1)




Homework for Section 4

1. Evaluate the following:

@X/xi6it

®X/<x+ii5—2f”
<c>/23x21_1dx

1
wf/(x+@%x—ndx

S5x? + 3x — 2
(¢) / 3 + 222 du

2. Make a substitution to obtain a rational function and then evaluate
the following:




5 Integration Strategies

If you do not immediately see how to integrate, try this 4 step process:

1. Simplify the integrand

/(Sinx+cosa:)2 de = ... :/(1+23infccosx) dr = ...

2. Look for the substitution

x
/5132—1 dr

Here partial fractions is NO'T necessary

3. Try to classify the integrand:

(a) trig functions — use trig substitution

(b) rational functions — use partial fractions

(¢) (polynomial)(transcendental) — use integration by parts
)

(d) radicals in the integrand — use trig substitution or clever

substitution (u = v/stuff)

4. If all else fails just realize there are really only two methods: sub-
stitution and parts
(a) try a clever substitution or
(b) try integration by parts or

(¢) try manipulation using identities, rationalization, etc...



ex 20 Find

/ dx
1 —cos x

/ dx /( )(1+COS:I:) ”
1 —cosx 1 —cosx 14 cosx
_ +cosa:
—/ sin? x

COS T
csc x - 5 dx
SIN® T



Worksheet for Section 5

1. Evaluate the integral:

2 9t
(a) / dt
0 t — 3)
arctan Y
/ 1+ 37
/ r*Inr dr

/sm 6 cos® 6 db




Homework for Section 5

1. Evaluate the following:

Nepwmi
dx
0 [

o [ e

@ / (1+V3) da

O
=

g) / V3 =2z — 22da

(h) /O " o5 0 tan? 040

(i) / e"V1+e"dx
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