MATH 150 Exam 7 Notes Spring

1 Volumes

delta x
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The key to calculating the volume of an object is to first find the area

of a cross-section

Recall that to estimate the area under the curve we approximated with
rectangles then took a limit

A similar concept is at work here. Now we will estimate the volume



with disks and take a limit as the number of disks approaches infinity
That is, the volume of the disk above is A(x})Ax
Definition

Let S be a solid that lies between © = a and x = b. If the cross-
sectional area through z, perpendicular to the z-axis is A(x), where A
is a continuous function, then

n b
V = nh_)n(;lo ;A(l‘i)AiC = /a A(z)dx

ex 1 Find the volume of the solid obtained by rotating y = +/z about
the z-axis from 0 to 1.

I highly recommend you do the following for volume questions:
1. sketch a picture

2. sketch a sample disk next to the picture

3. find the area of your sample disk

4. set up the integral and solve
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So

b
Since the area is given above we have V' = / A(x) dx

ex 2 Find the volume of the solid obtained by rotating the region
bounded by y = 2% , y = 8 and x = 0 about the y-axis.
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Since this region is rotated about the y-axis, we will slice our disk per-
pendicular to the y-axis and integrate with respect to y

b
Since the area is given above we have V' = / Aly) dy
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ex 3 A region R in enclosed by y = 2 and y = 22 and rotated about
the z-axis. Find the volume of the resulting solid.



Since this region has some space between the curve and the z-axis,
when we rotate it we will not get disks. We will obtain washers.

b
Since the area is given above we have V' = / A(x)dx




Worksheet for Section 1

1. Find the volume of the solid obtained by rotating the region bounded
by y=¢% y=0, x =0, x =1 about the z-axis. Sketch the
region and a typical disk or washer.

2. Find the volume of the solid obtained by rotating the region bounded
by y=+x—1, x =2, x =5, y =0 about the z-axis. Sketch
the region and a typical disk or washer.

3. Find the volume of the solid obtained by rotating the region bounded
by x =y — y?, x = 0 about the y-axis. Sketch the region and a
typical disk or washer.



Homework for Section 1

1. Find the volume by rotating the following regions bounded by the
curves, about the specified lines. Sketch the region, the solid and a
typical disk or washer.

(a)y=1/x, v=1, x=2, y=0 about the x — axis
(b)z =2y, =0, y=9 about the y — axis
(c)y=a°, y=x, >0 about the xz — axis

(d)y* =2, =2y about the y — axis



2 Volume by Cylindrical Shells

ex 4 Find the volume by rotating the region bounded by y = 2z? — z°

and y = 0 about the y-axis

First, we would need to solve y = 22% — a° for . Then we would need
a local max.

There is a MUCH easier way ...

What if we used shells to approximate the volume instead of disks
or washers?



What is a shell?

A shell is simply a hollow cylinder
We will need the volume of this shell.

Observe

delta r

height




V = 2mrhAr
= (circumference)(height)(thickness)

Definition

The volume of a solid obtained by rotating the region under the curve
y = f(z) from x = a to x = b about the y-axis is:

/b 2nxf(x) dx

Where

2mx = circumference and  f(z) = height

So, back to the original example ...



radius = ¥
circurmference =2 m
height = 2%y
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ex 5 Find the volume by rotating the region bounded by y =/ and
y = x? about the y-axis. Use shells.
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height = VAL
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ex 6 Find the volume by rotating the region bounded by y = /x
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about the z-axis from 0 to 1.



radius = vy
circumference = 2wy
height = 1 - 2

1
— V = / 27Ty(1—y2) dy =
0

1
27/ (y—v°) dy
0
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Which do you think is easier?



Worksheet for Section 2

1. Use the method of cylindrical shells to find the volume of the solid
obtained by rotating the region bounded by y = x(x — 1)? and the
x-axis about the y-axis. Sketch the region and a typical shell.

2. Use the method of cylindrical shells to find the volume of the solid
obtained by rotating the region bounded by x = 4y — y* and the
line x = 0 about the z-axis. Sketch the region and a typical shell.



Homework for Section 2

1. Find the volume by rotating the following regions bounded by the
curves, about the specified lines. Sketch the region, the solid and a
typical shell.

Jy=1/z, v=1, =2, y=0 about the y — axis

2

Jy=e", =0, x=1, y=0 about the y — axis

)y r=0, y=8 about the x — axis

(a

(b

(c)1+y =x, x=0, y=1, y=2 about the x — axis
(d

(e 2

Jy=4xr —z°, y=3 about the line z =1

2. Set up but DO NOT EVALUATE the solid obtained by rotating
the region bounded by y = In x , y = 0 and x = 2 about the
y-axis.



3 Average Value of a Function

If you have n numbers and you would like their average, then ...

T1+To+ ...+ Ty
n

Lavg —

How about the average temperature during a day? Is there a finite
number of time intervals?

This is the equivalent of finding the average value of a function since
the function takes on how many values?

Definition

The average value of a function f on an interval a, b] is:

1 b
favg - b—al f(:]?)dél?

ex 7 Find the average value of y = 1 + 2% on [—1, 2].

| 2
fovg = 2_—<_1)/1(1—|—x2)d9£ = ... =2



MEAN VALUE THEOREM FOR INTEGRALS

If f is continuous on |a, b] then there exists a number ¢ in |a, b] such
that

that is



Worksheet for Section 3

1. Find the average value of h(r) = ﬁ on the interval [1, 6].



Homework for Section 3

1. Find the average value of the function on the given interval.

(a) flz) = Ve, [1,8
(b) f(x) =ze . [0.7]
(¢) f(z) =cos* x sinx, [0,7]
2. For the function f(z) = (x — 3)? on [2, 5]:
(a) find the average value
(b) find ¢ such that f,,, = c

(c) sketch f and a rectangle whose area is the same as the area
under f



4 Arc Length

How would you calculate the length of a curve?

As we have done many times before, use something simple to approxi-
mate something complex.

Divide the curve into a finite number of straight line segments, which
are easier to calculate.

As the number of segments increases, your approximation gets bet-
ter and better.

If we let | P,_1 P, | represent the length of each line segment then

the length of the curve is equal to the limit of the lengths of these
segments. That is,

L=l ) [P P
This definition does not really help us with the computation though.

However, we can derive an integral formula in the case that f has a
continuous derivative, that is, the case when f is smooth.

PPl = Vo —aa Pt - g1 = \JAa? + Ay

Apply the MVT to f on [z;_1, z;], thus there exists an =} in |x;_1, 2]
such that f(ZL’Z) — f(ﬂj'i_1> = f’(:c;‘)(xl — .’L'Z’_1>



or

Ay; = f'(z})Az

(4

Thus

[P P| = JAa2 4 Mg = \JAa? 4 [fae)Aal = (/14 [f(a)200

SO

b
L = lim |Py P = /\/1—1—[]”(:6)]2 dw
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Definition

If f'is continuous on |a,b] then the length of the curve y = f(x),
a<x<b,is:

or

ex 8 Find the length of the curve on 1 <2 < 3
2
“ (3]2 . 1)3/2

?/:3

So

y = (=12 (22) = 1+())? = 1+42% (2> —1) = 1+4a* —4a® = (22°—1)?



therefore




Worksheet for Section 4

1. Find the length of z = 5 /y(y —3), 1<y <9

HINT': Notice that the function is expressed as x = stuff in y.



Homework for Section 4

1. SET UP ONLY an integral for the length of y = cos = from 0 <
r <27

2. Find the length of y = 1+ 62%2, 0< 2 <1



5 Area of a Surface of Revolution

A surface of revolution is formed when a curve is rotated about a line.

We will focus on what is called the lateral boundary of the solid, NOT
the bases. That is, not the top and bottom.

As always, first we will approximate with a basic shape and then take
a limit.

What shape shall we use to approximate?

How did we approximate the length of the curve? We used line seg-
ments.

If one of these segments is rotated about an axis, what will the shape be?

Essentially you get the bottom portion of a circular cone called a frus-
tum

The area of this band ends up being A = 27rl where r is the aver-
age radius of the band.

Fach band has radius f(z) and the width is the length of the line
segment. Thus the area is approximated by

Z o fa) 1+ [F )] A

The surface area depends on the rotation



Surface Area is:

1. If we rotate the curve about the x-axis, then the circumference is

S = /27ryds

2. If we rotate the curve about the y-axis, then the circumference is

S = /27TZL‘dS

21y and

2mx and

where

or

dz\
ds =4/1+ (—) dy
dy

Which one depends on how the curve is described. That is:




or

r=gy) c<y<d (2)

This allows us to calculate surface area without the graph being
crucial to the set-up.

ex 9 We will do this first example both ways, that is with both (1) and
(2). Let the arc of the parabola y = 2? from (1,1) to (2,4) be rotated
about the y-axis. Find the surface area

Since the rotation is about the y axis we know

S:/Qdes

FIRST (1)

Let

So




Note that the bounds are based on X since we are integrating with
respect to x

9
= 2T / V1 + 422 dx
1

This is then a substitution problem with u = 1442? and du = S8zdx

= — u'’? du =
8 i
2 (14423 B= 2 (17VIT - 5V5)
SECOND (2)
Let p .
x
Tr = Yy e =
VY dy  2./y
S0

A dz\’
S:/Zdes: /277\/§ 1+ — | dy
1 dy

Note that the bounds are now based on'y since we are integrating
with respect to y

4
1
7/1\/5\/ +4y dy

1
s / Vaiy +1 dy
1



Note that

1 Yy
J1e— = LANyS
VY 1 YT,
Ay + 1
A/ y4 = = /1+4y

| —

This is then a substitution problem with v = 4y 4+ 1 and du = 4dy

4

:I/\/ﬁdu:...:
4 )
7

1 (§u3/2> 4=
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ex 10 Find the area of the surface obtained by rotating y = 1/x from
4 < x <9 about the z-axis.

Since the rotation is about the x axis we know

SI/Q?Tde

Let

So




Therefore




Worksheet for Section 5

1. Find the area of the surface obtained by rotating the the curve
y=+Jr, 1<y <2about the y-axis.

2. Find the area of the surface obtained by rotating the the curve
r=1+2y* 1<y <2about the z-axis.



Homework for Section 5

1. SET UP ONLY an integral for the area of the surface created by
rotating y = z* from 0 < x < 1 about the z-axis AND the y-axis

2. Find the area of the surface by rotating y = 2° , 0 < 2 < 2 about
the z-axis.
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